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Abstract 

A finite horizon optimal stopping problem for an infinite dimensional diffusion X is 
analyzed by means of variational techniques. The diffusion is driven by a SDE on a Hilbert 
space % with a non-linear diffusion coefficient cr(A) and a generic unbounded operator A 
in the drift term. When the gain function Q is time-dependent and fulfils mild regularity 
assumptions, the value function hi of the optimal stopping problem is shown to solve an 
infinite-dimensional, parabolic, degenerate variational inequality on an unbounded domain. 
Once the coefficient cr(A) is specified, the solution of the variational problem is found in a 
suitable Banach space V fully characterized in terms of a Gaussian measure /i. 

This work provides the infinite-dimensional counterpart, in the spirit of Bensoussan and 
Lions [3|, of well-known results on optimal stopping theory and variational inequalities in 
R". These results may be useful in several fields, as in mathematical finance when pricing 
American options in the HJM model. 
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1 Introduction 

This paper studies a finite horizon optimal stopping problem associated to an infinite-dimensional 
diffusion process by means of variational techniques. It is well known that the value function 
of a wide class of optimal stopping problems for general diffusions in may be characterized 
as the solution of a suitable variational problem (see [3] and references therein for a survey). 
In the language of PDE this amounts to solve a free-boundary problem and, when possible to 
provide a description of the free-boundary itself. The free-boundary makes the state space split 
into two regions: the region where it is optimal to let the diffusion evolve (continuation region) 
and its complement, where it is optimal to stop at once (stopping region) (cf. [29] and refer- 
ences therein for an extensive exposition). Hence an explicit stopping strategy for the optimal 
stopping problem is found in terms of the free-boundary. 

This work is motivated by a central problem in the modern theory of mathematical finance. 
In fact, pricing American bond options on the forward interest rate curve gives rise to an infinite 
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dimensional optimal stopping problem. This is a consequence of the dependence of the bond's 
price on the whole structure of the forward curve. The results obtained here will be extended 
to solve that particular financial problem in a forthcoming paper 

Optimal stopping for processes in locally compact spaces has attracted enormous attention in 
the last decades (cf. [H], [31], [35] among others) while the case of general infinite-dimensional 
Markov processes has been studied in relatively few papers. The earliest paper on infinite 
dimensional optimal stopping and variational inequalities we are aware of is [8]. There Chow 
and Menaldi extended known finite dimensional results, in the spirit of [3], to the case of a 
particular infinite dimensional linear diffusion. 

A first attempt towards a more comprehensive study of optimal stopping theory for processes 
taking values in a Polish space was made by J. Zabczyk [36] in 1997 from a purely probabilistic 
point of view and later on, in 2001, by variational methods [37]. Recently Barbu and Marinelli 
[2] contributed further insights in this direction adopting arguments similar to those in Zabczyk's 
works. In both [2] and [37] the Authors considered a diffusion process on a functional space H 
and solved the variational problem in a suitable L^-space with respect to a measure on H. The 
solution was characterized in a mild sense, adopting the general theory of monotone operators 
and associated semigroups (cf. [5]). 

A different approach is based on viscosity theory. It is extensively exploited to solve general 
stochastic control problems (cf. [TB] for a survey) and the infinite-dimensional case is currently 
the object of intense study (cf. [20], [21], [22], [33] among others). However, as far as we 
know, the only paper on infinite-dimensional variational inequalities related to optimal stopping 
problems studied by viscosity methods is [18] by D. Gcitarek and A. Swi§ch. The Authors deal 
with a problem arising in finance. They characterize the value function of the optimal stopping 
problem when the underlying diffusion has a particular form not involving the unbounded term 
normally arising in infinite-dimensional stochastic differential equations (cf. [lOj for a survey). 

It is worth mentioning that attempts to provide some numerical results for this class of prob- 
lems were recently made in [19] and [23|. However, the analysis in [19] relies on the assumption 
of C^^-regularity (in time-space) for the value function and that is hard to verify. On the other 
hand, in [23] arguments are mostly heuristic, proofs are only sketched and some of them seem 
incorrect. 

In the present paper the underlying process X lives in a general Hilbert space Ti and is 
governed by the SDE (|2.2|) below with a generic unbounded operator A (which is not even 
required to be self-adjoint). Under mild regularity assumptions on the gain function 0, the value 
function U of the corresponding optimal stopping problem (see (j2.7p below) solves an infinite 
dimensional variational inequality that is highly degenerate, parabolic and on an unbounded 
domain. We point out that degenerate variational inequalities represent non-standard problems 
in the context of PDE theory even at the finite dimensional level (cf. |32j). For the associated 
optimal stopping problems one may consult the work of J.L. Menaldi [25], [26]. In our case we 
show that U solves a variational inequality in a suitable Banach space V relying on the notion 
of infinite-dimensional Sobolev space with respect to a Gaussian measure /i. The choice of the 
measure /i is completely characterized once the non-linear diffusion coefficient a is specified in 
()2.2p and fulfills mild regularity assumptions. It is also shown that the first time that U equals 
is an optimal stopping time. 

This work is ideally the extension of [8] to general diffusions in Hilbert spaces and it provides 
the infinite dimensional analogue of the results in [25], [26]. It is worth mentioning that under 
such a wide generality for the coefficients of ()2.2p we could not prove uniqueness of the solution 
to the variational inequality. The uniqueness result in [8] is in fact crucially linked to the 
very particular choice of the diffusion whilst the one in [2] and [37] relies on the adoption of a 
measure which is excessive for the semigroup associated to X. The latter approach requires a 
formulation of the variational problem in a weaker form than the one proposed here. Also, the 
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measure /x is only known explicitly in a relatively small number of cases, therefore in the general 
the meaning of the variational problem remains quite obscure. 

The paper is organized as follows. In Section [2] we set the problem and we make the main 
regularity assumptions on the diffusion X and on the gain function @. Then we obtain regularity 
of the value function U. Section [3] deals with the approximation of the SDE (j2.2p and of the 
optimal stopping problem ()2.7p . The SDE is approximated in two steps: first the unbounded 
term A is replaced by its Yosida approximation A^, a > 0, and afterwards a n-dimensional 
reduction of the SDE is obtained. In this approximation procedure the corresponding process 
X^"^)'" gives rise to as optimal stopping problem whose value function we denote by ZYo"^ By 

(n) 

means of purely probabilistic arguments we show that Ua converges to the value function U 
of the original optimal stopping problem for n — t- oo and a — )• oo. In Section |3] we prove that 

(n) 

the value function Ua is solution of a suitable variational inequality in and we characterize 
an optimal stopping time. Section [5] represents the core of this work and it is entirely devoted 
to prove that our original value function U solves a suitable infinite-dimensional variational 
problem. The result is obtained by taking the limit as n — >■ oo and a — )• oo of the variational 
problem detailed in Section [H Both analytical and probabilistic tools are adopted to carry out 
the proofs and to characterize an optimal stopping time. 

The paper is completed by technical Appendices. Appendix A contains the proof of a Lemma 
of Section 3. Appendix B outlines some results for variational inequalities in bounded domains 
of M". Appendix C shows the link between a particular class of obstacle problems and optimal 
stopping theory. Finally, Appendix D contains some compactness results for functions in Gauss 
Sobolev spaces. 

2 Setting and preliminary estimates 

Let H represent a separable Hilbert space with scalar product denoted by {•,-)'H induced 
norm || • ||-^. Let A : D{A) C Ti ^ Ti he the infinitesimal generator of a strongly continuous 
semigroup of operators {S{t),t > 0} on Ti, cf. [28], where D(A) denotes its domain. Notice that 
D(A) is dense in T-L. Let {(fi, ^P2, • • •} be an orthonormal basis of Ti with ipi G f){A), i = 1,2, . . .. 
We now introduce a trace class operator which will be crucial in the following analysis. 

Definition 2.1. Let Q : H ^ Tf. be the positive, linear operator defined by 

Q(Pi = Xi(pi, Aj > 0, i = l,2,..., (2.1) 

and such that Yl'^i '^i < ^-^ '^f i'fo.ce class. 

We consider a stochastic framework. Let ($7, J-, P) be a complete probability space and 
let W := iW^ ,W^ ,W'^ , . . .) be an infinite dimensional standard Brownian motion on it. The 
filtration generated by the Brownian motion is {J-t,t > 0} and it is completed by the null sets. 
Given a fixed finite horizon 5 > 0, in we consider the stochastic differential equation (SDE) 

dXt = AXtdt + a{Xt)dW^, t G [0, S], 

(2.2) 

Xq = X, 

and we denote its unique mild solution by X (cf. [TO]). The infinite dimensional Brownian 
motion W will be needed in what follows to find finite dimensional approximations of X, each 
driven by a SDE similar to (|2.2p but with Brownian motion VK^"'^ := {W'^ , . . . , W^Y rather than 
W^. We make the following 

Assumption 2.2. The map a : T-L ^ H is continuous and 
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(1) a{x) G QiJ-L), Vx G %, i.e. there exists 'y :% such that cr{x) = Qj{x), 

Assumption 12.21 guarantees existence and uniqueness of a mild solution to ()2.2p . The assumption 
(2) might be substantially relaxed, however (1) is crucial for our purposes (cf. Sectional). From 
now on we denote by the solution of ()2.2p starting from x at time zero and by X^'^ the one 
starting from x at time t. 

Assumption 2.3. The covariance operator Q of (|2.ip is such that 

oo 

^WA^jWny^j <(^. (2.3) 
i=i 

Assumption 12.31 implies that Q^((H) C D{A) and hence a maps T-L into a subspace of D{A^) by 
Assumption 12.21 

Let : [0,5"] x H — > M be a non-negative, uniformly bounded function with 

sup e(i,x)<eGM. (2.4) 

{t,x)G[0,S]x-H 

Denote by C^'^([0, T] x %) the set of bounded continuous functions which are continuously 
differentiable once with respect to time and twice with respect to the space variable (in the 
Prechet sense) with bounded derivatives. Let DQ : % — )• %* denote the Prechet derivative of O 
with respect to the space variable and assume the following regularity for B. 

Assumption 2.4. G Cj['^([0,T] x %) and in particular 

\\DQ{t,x)\\w <Le tG [0,5],xG?^, (2.5) 



-^{t,x) <L'q xen,0<t<S, (2.6) 
where Lq, L'q are given positive constants. 

Remark 2.5. The regularity of Q may he substantially weakened without altering the results of 
this work (cf. Chiarolla and De Angelis ^). 

In what follows condition (j2.5p will be often recalled as Lipschitz property of the gain func- 
tion. Given T < S we aim to study the infinite dimensional optimal stopping problem 

U{t,x):= sup E{e(r,X*'^)}, (2.7) 

t<T<T 

with T a stopping time with respect to the filtration {J-t,t S [0,5]}. This problem has been 
studied by several Authors (see, for example, [2], [8], [18], [36], [37]). Here we propose a com- 
pletely new algorithm for the characterization of the value function U. Our results hold even 
in the case of a discounted gain function, when the discount factor is a Lipschitz-continuous, 
non- negative function of X. 

We obtain here some preliminary estimates and some regularity properties of the value 
function U. 
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Lemma 2.6. Let and be the mild solutions of \2.S^) starting at x and y, respectively. 
Then 

eJ sup llXfll^ I < Cp,5(l + Ikll^) l<p<oo, (2.8) 
[o<t<S' J 

E I sup \\Xf - IIk i < Gp^sWx - y\\n, (2.9) 
[o<t<s J 

where the positive constant Cp^s depends only on p and S. 



Proof. The proof of (|2.8p follows from [10], Theorem 7.4, whereas the proof of ()2.9p is a conse- 
quence of [To], Theorem 9.1 and a simple application of Jensen's inequality. □ 



Proposition 2.7. The value function U(t, x) is non-negative, uniformly bounded with the same 
upper bound ofQ, i.e. 

sup U{t,x)<Q. (2.10) 

{t,x)£[0,T]xH 

Moreover, there exists Lu > such that 

\U{t,x)-U{t,y)\<Lu\\x-y\\n, t e [0,T], x,y e Ti. (2.11) 
Proof. The first claim is obvious. To show (|2.11|) take x,y gH and fix t G [0, T]. Then 
Uit,x)-U{t,y)< sup E{@{T,Xi'^)-@{T,Xi'y)} 

t<T<T 

<e| sup \e{s,xl'-)-eis,xl'y)\ \ <LeE\ sup \\xl'- - xl'y\\n\ , 

[t<s<T J l^t<«<T J 

by ()2.5p . Similarly for U{t,y) — U{t,x); hence 

\U{t,x)-U{t,y)\<LeE\ sup \\Xl'^ - Xl'y\\n\ ■ 

t<s<T 



The coefficients in (j2.2p are time- homogeneous, hence 



E <^ sup \\x'f - xl^y\\n }=e{ sup \\x: - xy\\H 

t<s<T 0<s<T-t 



<K{ sup \\Xf-Xy\\n}<Cs\\x-y\\n, 

[0<s<S J 

and (|2.1ip follows with Lu = Lq Cs- □ 

Recall the operator Q of Definition 12. li Define the centered Gaussian measure fi with 
covariance operator Q (cf. [1], [9], [H]); that is the restriction to the vectors x G £2 oi the 
infinite product measure 

°° 1 _i 

Let 1 < p < 00 and consider / : H — t- M. Define the LP{T-L, ^) norm as 

WUh,,) ■■= I l/(^)IV(rfx). (2.12) 
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If Df : % —7- %* is the Frechet derivative of / and % is identified with its dual, then the 
iF'i^^^^'H) norm of Df is defined as 



H 



\\Df{x)\\l,f,idx). 



(2.13) 



Let D denote the closure of D in L {V.,fj,) (cf. [9]) and let W ' {T-L,fi) be the Sobolev space 
defined by 

W^'\n,fi) :={f:f€ L^{n,fi), Df G L^{n, fi;n)}. 

Notice however that in what follows derivatives are mostly generalized derivatives, hence there 
is no ambiguity in using D rather than D. For n G N the finite dimensional counterpart of ^, 
LP{T-l,fi) and L'^{'H, fi;7i) are, respectively, 

l^nidx) := TT -j==e~^^dxi, /x„) and ^^(M", M'^). 

Remark 2.8. Notice that if / : M" R, then 



LP( 



n 



(«,^) = / IfixWKdx) = / |/(x)r/i„(dx) =: 



and 



\\Dfrmn,,.;n)= \\Df{x)\\i,f,{dx)= \\Dfix)\\i„fir.{dx)=:\\Df\\ 



H 



lL2(M",/i„;R") 



The next proposition is an obvious consequence of Assumption 



Proposition 2.9. Under Assumption \2.4\ there exist a positive constants Cq such that the 
following estimates hold, 

sup \\e{t)\\w^acH,t.) < Cq (2.14) 



te[o,T] 



and 



T 



dt 



it) 



dt<Ce- (2.15) 

In the next section we provide an algorithm for the finite dimensional reduction of the optimal 
stopping problem (|2.7p . 



3 The approximation scheme 

The algorithm requires two separate steps. First, a Yosida approximation of the unbounded 
operator A by bounded operators Aa] then a finite dimensional reduction of the SDE. At each 
step a corresponding optimal stopping problem is studied. 



3.1 Yosida approximation 

A natural way to deal with an unbounded linear operator is to introduce its Yosida approxima- 
tion, which does not require any further assumptions. The Yosida approximation of A is defined 
as Act := aA{aI — A) for a > (cf. [23). The corresponding SDE is 

' dX^")" = + a(xJ")")dVFO, t G [0, S], 

(3.1) 

. Xj")^ = X, 
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which admits a unique strong solution, X^'^^^, since Aa is a bounded Hnear operator. That is, 

rt rt 



X^")" = X 



+ [ AaXi''>ds+ I i G [0,5], P-a.s. 

Jo Jo 



Clearly a strong solution is also a mild solution (cf. [lO]), hence X^"^^' might be equivalently 
interpreted as 

= e'^-x + / e(*-^)^-cj(Xi°)^)dW°, t G [0, S], P-a.s. 
Jo 

For each a > 0, the notations X^")^ and X^")*'^ are analogous to those used in Section [2j The 
following important convergence result is proven in [10], Proposition 7.5 and it is here recalled 
for completeness. 

Proposition 3.1. Let be the unique mild solution of equation \2.^) and X^")^ the unique 
strong solution of equation \3. For p > 1, the following convergence holds 

lim E \ sup \\X[°''^'' - Xf\L 1=0, xeH. 



a— >-oo 



We define Lia to be the value function of the optimal stopping problem corresponding to X^^^^, 

Uc,{t,x):= sup E|e(r,x|")*'^)|. (3.2) 

t<T<T ^ J 

Notice that 14^ satisfies (j2.10|) and (|2.11|) with the same constants. We have the convergence of 
Ua to U (cf. ()2.7p ) as a — 7- oo both uniformly with respect to t and in a suitable L^-norm. 

Theorem 3.2. The following convergence results hold. 

lim sup \Ua{t,x) — U{t^x)\ = xGH, (3-3) 

lim / [ \Ua{t,x) -U{t,x)\Pfi{dx)dt = 0, 1 < p < oo, (3.4) 
Jo Jh 

for any finite measure fi on the Hilbert space % . 

Proof. The arguments are similar to those used in the proof of Proposition 12.71 In fact by the 
Lipschitz property of the gain function G and the time-homogeneous character of the processes 
we have 



\Uc{t,x) -U(t,x)\ < LuE{ sup 

0<s<5 



n 



Since Lk is independent of t, the uniform convergence (j3.3p follows from Proposition 13.11 To 
prove p.4p it suffices to apply the dominated convergence theorem, since Ua is uniformly bounded 
by e. □ 

Some crucial properties of the convergence as a — )• oo are obtained below from standard 
results in Analysis. 

Theorem 3.3. If Ua G Ci,{[0,T] x T-L) for all a > 0, then Ua ^ U as a ^ oo, uniformly on 
compact subsets [0, T] x K. C [0,T] x %. Moreover U{t,x) G Cb([0,T] x %). 
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Proof. Fix X G -H, then implies U{- , x) £ Cb{[0,T];R). For each q > define 

Fa{x) := sup \Ua{t,x) —U{t,x)\, 

t€[0,T] 

then Fa{x) — as a — oo by (|3.3p . The family {Fa)a>o is equibounded and equi-continuous 
since (l2lil and (I2TT1) hold for both Ua and lY, and 

\Fa{x) - Fa{y)\ < sup 

t6[0,T] 

< sup \Ua{t,x) —Ua{t,y)\ + sup , y) — ZY(t , j;) | < 2Li^ ||x — y ||-^ . 
te[o,T] te[o,T] 

Then converges uniformly to U, as a ^ oo, on compact subsets [0, T] x /C ([IS], Theorem 
7.5.6); that is 

lim sup \Ua(t,x) —U{t,x)\ = 0. 

(t,x)G[0,T]x/C 

Hence, being the uniform limit of bounded continuous functions, U is continuous on any compact 
subset [0,r] X IC (cf. [I3], Theorem 7.2.1). 

That is enough to show the continuity of U on [0, T] xTi. In fact, fix (t, x) G [0, T] xTi and 
let {tn,Xn) G [0,T] X 7^ be a sequence converging to {t,x). Then 

\U{tn,Xn)-U{t,x)\ < \U{tn,Xn)-U{tn,x)\ + \U{tn,x) - U{t,x)\ 
< Lu \\Xn - xWu + \U{tn,x) - U{t,x)\ 0, 

as n ^ OO, by (fZTTT) andU{-,x) G Cb([0, T]; M). □ 
3.2 Finite dimensional reduction 

For each n G N let us consider the finite dimensional subset 7^^"^ := span{ipi, (p2, ■ ■ ■ , ^Pn} and 
the orthogonal projection operator P„ : T-L T-L^"'\ We approximate the diffusion coefficients of 
(|3.ip . respectively, by a^"'^ := {PnO') o Pn and yla^n := -fn^a-fn- Notice that Aa^n is a bounded 
linear operator on T-L^^''\ We define the process X^"^^'" as the unique strong solution of the SDE 
on "H^"^ given by 

(3.5) 

where (e„)„ is a sequence of positive numbers such that 

y/nen — >• as n — )■ oo. (3-6) 

Obviously X^")^'" lives in the finite dimensional subspace 7^^") but it may still be seen as a 
solution in 7i. 

Remark 3.4. Notice that at each time t G [0,5], is not the projection of the process 

xj:"^^ on the finite dimensional subspace. In fact, a process with that property would not be 
Markovian. Hence X^"^^'" has to be considered as an auxiliary diffusion process which is used 
to approximate the original one. 
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Proposition 3.5. It holds that 



lim E < sup 

lie [0,5-] 



(3.7) 



uniformly with respect to x on compact subsets ofH. 

Proof. Since and are both strong solutions, i.e. 



ft ft " 

JO JO 



we have 



(a)x;n ^{a)x,,2 

- 11^ <b 



+ 



+ 



P„x — x\\-^ + 



Jo 







2 




+ 


I 







ft 2 " 

•^0 ^ 1=1 



where we used the fact that ^c.,™^^"^^'" = Pn^a^^"^""'"- 

By using Holder's inequality and by taking the supremum over t £ [0, S] we obtain 



sup 

0<t<S 



{a)x;n _ -^{a)x^^2^ ^ g 



+ S\\A^\\l f sup 

JO 0<u<s 
JO 

Jo 

ft 2 " " 

/ {I - Pn)a{Xi->)dW', ^ + ^nE 1^*1 

JO w ~^o<t<s 



+ sup 

0<t<S 



+ sup 

o<t<s 



Then we pass to the expectation. Denote by || • \\l the operatorial norm of linear operators on 
%. An estimate like (j2.8p and an application of Fubini's theorem give us 



E< sup 

0<t<S 



(a)x;n ^(a)x ,,2 

- ^t Wh 



I Pfi X X 1 1 
"5 



l. + SMlf eI sup WXt^''-''' - X'^^HI] ds 

Jo lO<u<s J 

+ S j\{\\iI-Pn)A^xi''^^\\l,]ds 
+ ^''E{||a(xi")-^")-a(xW^')|||,}d. 

n 

||(/-P.MxW-)|||,}d. + 62 ^E{ sup \Wi\'} 
^ o<t<s 



+ / E 
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By Assumption 12.21 the diffusion coefficient is Lipschitz and we denote by Lq- > the Lipschitz 
constant. Then we get 



E<^ sup \\Xt 
o<t<s 



{a)x;n _ ^^(0)2; ||2 



\<6\\\PnX-x\\l + S\\Ao,\\l[E\ sup 

J L ^0 l0<u<s J 

+ S j\[\\{I-Pn)A^xi''^^\\l]ds 

+ Ll [\{ sup I lipids 

\\(I-P^)a{xi-'>n\\l}ds + elnS 



ds 



A straightforward apphcation of Gronwah's lemma gives 



E<^ sup \\Xl 
0<t<S 



(a)x;n 



X 



l|2 

t \\h 



<Cs{ \\PnX-x\\l^ + elS 



(3.8) 



+ J'^{\\il - Pn)^aXWni?, + ||(/ - PnMXi'^^n\\n}ds^ exp {S^A^Wl + SLl) , 

for some positive constant C5. The right hand side converges to zero as n — > 00 by dominated 
convergence and the hypothesis about e„. 

We want to prove that the hmit is uniform on compact subsets of Ti. For each n we define 
the real function M„(x) by 

M„(x) := \\PnX - x\\l + elnS + - P^)A^x'f^-f^ + ds. 

Notice that Mn{x) is continuous in % for all n > 1. In fact, for x,y £ Ti, we may apply Lemma 
I to 

Pn)Ao.Xi^^^ lll^ - II (/ - P„) III, } ds 



+ 



E ||(/-R,W 



{Xi'^hfn - - PnMXi^Hlli} ds 



<{\\Ao.\\1 + lI)se{ sup ||x(")--4"^^||?, . 

[0<M<S J 

Moreover, M„(x) decreases to zero as n — )• 00. Hence Dini's theorem guarantees uniform con- 
vergence on any compact subset K. dH. □ 

Remark 3.6. Notice that the previous proposition and the arguments of its proof hold for 
X{o^)t,x;n as well, for any starting time t G [0,5"], thanks to the time-homogeneous 

character of equations (|3.ip and (|3.5p . 



Denote by I{s>t} the indicator function of the set {w G : s > t(u;)}, where r is a stopping 
time and define [x]~^ := max{x,0}. The following technical result will be needed in the next 
sections. Its proof is provided in the appendix. 

Lemma 3.7. For every stopping time t such that r G [t,T] P-a.s., it holds 



E< sup 

t<s<T 



|^(a)t,.;n _ ^Mt,.;n ||2^^^^^^^ | < ^^^^^^^1 + ||x||^)E { [T - r] + } ^ 



(3.9) 



for a positive constant Ca,n,T depending only on a, n, T. 
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For n > 1 define G^") : [0, S*] x ^ M by 

e(")(t,2;) := e{t,Pnx) = e(t,x(")) (3.10) 

(cf. (|3.5|) ). This function maps H into H^"'^ and it will be largely used in Section 5. Of course, 
PnX^"'^ = x^"'\ hence • ) = Q{t, ■ ) on T-L^'^\ However, in what follows it is convenient to 

use the notation O^") since this is a gain function on T-L^^^ and it will occur in the variational 
formulation of a finite dimensional optimal stopping problem approximating ()3.2p . It is not hard 
to see that from (|2.5p and Dini's Theorem follows 

lim sup \@^"'\t,x) — @{t,x)\ = 0, for every compact /C C Ti. (3-11) 

{t,x)g[0,T]x/C 

Remark 3.8. There is an isomorphism X„ : {T-L^"'\ \\ ■ ||^) — t- (IR", || • Hr"), in fact for any 
X G H^'") we may define Xi := {x, fi)^; i = 1,2, . . . n and X„x := {xi, . . . , Xn)- 

(n) 

Let Ua be the value function of the optimal stopping problem 

:= sup e|g(")(t,X^")*'^'")| . (3.12) 

t<T<T ^ J 

Obviously uj^^ may also be seen as a function defined on [0,T] x M". Again, as for Ua, we 
point out that uj^^ satisfies (|2.10p and (|2.1ip with the same constants. The value function uj^^ 



converges to Ua of p.2p as n — )■ oo. In fact results similar to Theorem 13.21 and Theorem 13.31 
hold. 

Theorem 3.9. The following convergence results hold, 

lim sup \Ui''\t,x^'''^)-Ua{t,x)\=0, KdU, K, compact, (3.13) 

"-^°°(i,a;)e[0,T]x/C 



lim / I \Ul^\t,x^''^)-Ua{t,x)\Pii{dx)dt = ^, 1 < p < oo, (3.14) 



i.e. the convergence is uniform on any compact subset [0,T] x IC, and 
fT 
'0 JH 

for any finite measure ^ on the Hilbert space % . 

Proof. The proof follows along the same lines as the proof of Theorem [32] since 

0(t, xi"^*'^'"), s > t. Then ()3.13p follows from the uniform convergence in Proposition 13.51 ^^'^ 

(|3.14p follows from dominated convergence. □ 

As a consequence we have 

Theorem 3.10. Ifui""^ G Cb{[0,T] x H^")) for all n>l, thenUa G Cb{[0,T] x H). 

Proof. Recall that {U^\t,x^"'^))n is uniformly bounded (cf. Proposition 12. 7p and (j3.13p holds. 
Hence [13], Theorem 7.2.1 guarantees the continuity of Ua on [0, T] x /C. Arguments as in 
Theorem 13.31 provide the continuity on [0,T] x T-L. □ 

(n) 

Later in the paper we will prove that Ua is indeed continuous. 
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4 Finite dimensional variational inequality 

In Appendix [B] a variational formulation of the finite dimensional, optimal stopping problem 
(|3.12p is established in the case of bounded domains by a suitable application of the theory 
developed in [3] by Bensoussan and Lions. Also, in [3j such result is generalized to unbounded 
domains by means of weighted Sobolev spaces. Here we deal with unbounded domains by 
adapting the arguments in [3] to specific weighted Sobolev spaces that will allow an extension 
to the infinite-dimensional case. 

We introduce some notation. Recall the notation LP(R",^„) of Remark] 



Definition 4.1. For 1 < p < oo set 

VP:={v:ve LP(M", and Dv € L^{W, M")} (4.1) 
and endow it with the norm 



\v\ 



bllLP(R",At„) + \\D'v\\L^iR'^,tJ.n;^")- (4-2) 



Then (Vn, |||'|||p„) is a separable Banach space. 

Denote by ( • , • the scalar product in L'^{W^,Hn) and, for u,w G Vn, define the bilinear 
form associated to the operator Ca,n (cf. (jB-SP ). 



a^"'")(n,w;) ■= - J Ca,nUW^n{dx) 

- [ ([a(^)a'^^>],,,^ + 2x,{A^y,j,y,i)+el6,,,^)^wf,n{dx) . 

J^n\ Aj Aj / OXi 

By looking at (|B-4p one notices that 

A[^W^W*(^)]^_^.=(Z)^(n)(^)^^,^^)^(^W(^),<^^.)^ + (^^^^^ (4.4) 
The isometry ^("^ ~ and (|4.4p allow to rewrite the bilinear form (j4.3p as 

+ 11 (Tr[Da'^^%{a^^\Du)n + {Da^''^-a'^^\Du)n)wfin{dx) (4.5) 
-If {2A^,nX + a'^''^a^^>Q-^x + elQ~^x,Du)nWfin{dx) 

where Qn := PnQPn and (Da^") •a("))i := YJj=i (-Dcj("))ij af\ i = l,...,n. Now the continuity 
of the bilinear form (|4.5p in Vn follows from the next result. 

Theorem 4.2. For every 2 < p < oo there exists a constant Cf^^^^p > 0, depending on p,, p and 
the hounds of j in Assumption \2.^ such that 







\al"'^Hu{t),wmdt<C,,,,p( 1^ \Mt)\\\ljt) (I \\\w{t)\\\ljt) (4.6) 
for all u,we L2(0,T;V^). 
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Proof. Thanks to Assumptions 12.21 and 12.31 the estimate is straightforward for the terms in (|4.5 
except those involving and Aa^n- For those we look at 



(/): 
(//) : 



I [ {a^^^a^^>Q~'x,Du)nWfin{dx) 



(4.7) 
(4.8) 
(4.9) 



For (/) it is not hard to see that 

n „ 

(1) <^\\Aa(pj\\n / \\Du\\n\xj\\w\fln{dx). 



Take p > 1 and q > 1 such that p + g = 1 ^'^d use twice Holder's inequality to obtain 

(/) < ||Z)u||i2(IRn^^^.Kn)||^y||i2p(]Rn^^^) Vp„(^j||^ ( / \x fln{dx)] . (4.10) 

Recall that < M||^(/3j||^ for a suitable constant M > (cf. |28j): evaluate the integral 

with respect to the Gaussian measure in (|4.1U|) and extend the sum to infinitely many terms to 
obtain 



(4.11) 



where Cp^M > is a constant depending only on p and M. Notice that the right hand side of 
(j4.1ip is well defined thanks to Assumption 12. 3[ 

Similar estimates hold for (//) and (///) of ()4.8p and ()4.9p by again using Holder's inequality 
twice as in ()4.10p and by recalling Assumption 12.21 (1): that is 



(//) < Cp 

1 " 1 

i^^I) < Cp^^en-\\Du\\l2mn^p_^.T^n\\\w\\Lp(f>n^fj_^)2.~7T=^ 



(4.12) 



(4.13) 



for a suitable constant Cp^j > depending on p and on the bounds on 7 in Assumption 12.21 
Recall that satisfies \/nen — ^ (cf. (|3.6p ): in particular by taking e„ < Xjn minj=i^... ^„(Ai)^/^, 
()3.6p is fulfilled and the right hand side of ()4.13p remains bounded. In fact 

(///) < ^C'p,7 II^"IIl2(IR",^j„;IR")||u^||lp(R",/.„)- (4.14) 

Now (gH]), (imp and (|mp imply gj])- □ 

In the spirit of [3], Chapter 3, Section 1.11, take wr G ^n,R (cf. (|B-7P ) and recall that u^^ji 
is the unique solution of (jB-14p . Define G A^n,_R by 



u;^(x("))-ni")j(xW):= 



V^(27r)"AiA2 • • • A, 



j=i 
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Take w = Wfj in ()B-14p and use ()4.15p to obtain 

dwR („) ( ) („) („) („) 







+^lki^(^)|lL^(R^,„)>0• (4-16) 

It is not hard to see that \\fa,n\\L'2{o,T;Lp{'H,tJ.)) — Ca,p with Ca,p > depending on a and 
2 < p < oo only (cf. (|B-9p and Assumptions 12.21 and 12. 4p . It follows that ()4.16p is well defined 
for ah n G N and R> 0. 

For every 2 < p < oo, denote by /Cn,/^ the closed convex set 

/CP^ :={w: we L\0,T;V!P), ^ G L\0,T; L^W , fi^)), w > Oa.e. in(0,r) x M"}. (4.17) 



5t 

We are now ready to extend Theorem IB. 41 to the unbounded case, i.e. to M". Recall (j3.10p and 
the optimal stopping problem (|3.12p and set 

iW:=^W_e(n). (4.18) 



(n) 

Theorem 4.3. For every 2 < p < oo the function Ua is a solution of the weak variational 
problem on M" 

( u e L2(0,r; V^)); u(T,x(")) = 0, x^") E M"; > 0, G [0,r] x M"; 

+ - ^) - (/a.n,^!' - + \MT)\\ht^^.,,^) > (4.19) 

for allw e /Cn,/i, 

and u^a^ e C([0,r] X M"). 

Moreover, the optimal stopping time for uj^^ of (j3.12p is 

Tl„{t,x) := inf{s > t : ZY^")(s, X]")*'^'") = e(")(s, Xi")*'^;")} A T. (4.20) 

Proof. Observe that, by a slight generalization of the arguments in [1], Theorem 3.22, on cut-off 
functions, for each w G /Cn.^i there exists a family (u^_R)i?>o C /Cn,^ such that tt'ijlac'^ = and 

ll^-^lli2(R",/.„)^* + yp lll^^-^llln,p'^*^0' asiJ^oo. (4.21) 
Moreover G /C„_ij, of (|B-7p . Write the inequality ()4.16p as 



>[ {fa,n,WR-n'-:^),^dt+ [ a^r^{u^:}„n^^^)dt 
Jo Jo 



for R> 0. Take (ti^"]:j.) jgN and Ri as in Corollary IB. 61 By using [6], Proposition 3.5 and (|4.2ip 
pass to the limit as z — t- oo to obtain 

rT o „ , , rT 



L 



(^^^H.-^il)^.^* ^ I {^,y^-u^a\jt, (4.23) 

ifa,n,WR^-ui\)^Jt ^ r {f^,n,W-U<i^^),^dt, (4.24) 



«ir'"^(«il>^ijJrfi ^ r al^'^\ul^\w)dt. (4.25) 
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Moreover, by considering a subsequence (if needed) again denoted by {wjiJiQ^, pointwise con- 
vergence is also obtained, 

lh«.mili2(R",M„) ^ \\^in\Uu^,^„y (4.26) 
To analyze the last term on the right hand side of ()4.22p . write it as 

=/VHnil - u^-\n^:i - u^:^)dt (4.27) 

JQ Jo 

Jo Jo 
As above the second and third terms on the right-hand side of ()4.27p give 

lim r a'~^'-\n^^\u^^},Jdt= f a^^^-\u^:\ut'^)dt, (4.28) 
«^°oJo Jo 



Also, arguments similar to those in the proof of Theorem 14.21 give 



(4.29) 



(4.30) 



> -Cr. 



L2(0,T;L2(R",At„;K")) 



L2(0,T;LP{R",At„)) 



where 2 < p < oo and Cp > is a suitable constant independent of i, a and n. Lower semi- 
continuity of weak convergence and (|B-18p give 



(n) 



therefore there exists Ap > such that ()4.30p implies 

fT 



< VCuT; 



U 



(n) 
a,Ri 



U. 



(n) 



L2(0,T;LP{R",fi„)) 



and now Corollarv IB. 61 gives 



lim / a 



Hence K28^ . (ICT]) and (Ii32|) imply 



lim / a 



(4.31) 



(4.32) 



(4.33) 



which together with (gTMI), and provides the convergence of ([O^ to (j^^ 

as i — 7- oo. The continuity of follows from Proposition lB.il 

The proof of the optimality of r* „(t, x) is a simpler version of the proofs of Lemma 15.61 and 
Theorem 15.81 below, hence it is only outlined here. In fact, for any initial data {t,x) one has 



lim <n,ij(i> x) A T* {t, x) = {t, x) P - a.s. 



(4.34) 
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by an extension of [3], Chapter 3, Section 3, Theorem 3.7 and by using Proposition IB.li Also, 
since t* ^ is optimal for ^^"^ and „, r A r* „ < t*^ P-a.s., it follows from ()B-13p that 

= E {uj^:Url^,n A r;„, ^t,'?.,, j} • (4-35) 

Therefore in the limits as — >• oo in (USSl), Proposition EH the continuity of U^^ and 
provide 

i^L''\t,x(-^)=E{ui-\rl^,xifl^-n} (4.36) 
Hence r* „ is optimal. □ 
Remark 4.4. Notice that the arguments that provide (|4.34|) also give 

Jim A <„ A a = A cj F-a.s. (4.37) 

for any stopping time a. Therefore it holds that, 

iY^")(t,x('^)) = E|^Yi")(a,X^°)*'^;")| (4.38) 

for a < T*^„, P-a.s. 

Remark 4.5. It is not clear whether a coerciveness condition similar to ()B-6P holds for a^"'"\ 
That would suffice for the uniqueness of the solution of (|4.19|) . On the other hand, a condition 
similar to (|B-6P does not hold in the limit as n —t- oo since the diffusion becomes degenerate 
and the uniform ellipticity of £a,n (due to the non- degeneracy of the diffusion is not 

preserved. Also, the arguments used in 125^ and \26^ to prove uniqueness in a finite- dimensional, 
degenerate case cannot he extended to our dynamics (j2.2p . Instead uniqueness may he recovered 
in the infinite- dimensional setting (cf. and 13''^ ) when fi is invariant or at least excessive for 
the semigroup generated hy the infinitesimal generator C of the diffusion. 

5 Infinite dimensional variational inequality 

5.1 The variational inequality 

For 1 < p < oo define the infinite-dimensional counterpart of Vn (cf. (|4.ip ) 

VP — {v : v€ LPin, n) and Dv G L^(n, fi; %)}. (5.1) 
Endow with the norm 



\v\ 



so to obtain a separable Banach space. Notice that Vn C V by Remark 12.81 and for u,w £ 
L2(0,r;VP) 



a!r'")(^(t),u;(i))|dt<C^M,7,p(^ \\\<t%dt^y\^ \\\w{t%dt^\ (5-3) 



by ()4.6p . Recall the value function lAa of the optimal stopping problem (|3.2p . The next propo- 
sition follows from Theorem 13.91 and Proposition IB.5i 
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Proposition 5.1. The function converges to Ua, weakly in L'^{0,T; '"^{71, fi)) and strongly 
in L^(0, T; L^{T-L, fi)), 1 < p < oo. Moreover Ua is identified as '■= Ua — &■ 

The infinitesimal generator of X^") (cf. ()3.ip ) is 

Ca g{x) = \Tr [aa*{x)D''g{x)\ + {A^x, Dg{x)) for g G CHU). (5.4) 



The bilinear form associated to ()5.4p is infinite-dimensional counterpart of ()4.5p and is given by 

a^^\u,w) ■.=y {aa*Du,Dw)HKdx) + y (Tr[Da]n{a, Du)h + {Da ■ a, Du)n)w fiidx) 

1 
2 



I; [{aa*Q~^x + 2AaX,Du)nWfi{dx), u,w e L^{0,T;VP). (5.5) 



Let w G L'^{0,T;W^'^{'H,fi)) and (w„)„eN C L'^{0,T;W^''^{'H, I-l)) be such that Wn w. Define 
Ta,w and the sequence (T^Jnm C L\0,T;VP)* by 

rT 

Ta,w{u) := / a^"\u,w)dt and (5.6) 

Jo 

T^A^)-=f a^^'^\u,wn)dt, uGL\0,T-vn- (5.7) 
Jo 

Tedious but straightforward calculations give 

lim ||7^" - 7L^,«;||l2(o,T;Vp)* = 0- (5-8) 

Recall of ()B-9p and set 

59 

/«:= — + £,6. (5.9) 
From Assumptions [22] and [231 dominated convergence theorem and (|B-9p follows 

ll/a.n - C^i = 0, 1 < p < OO. (5.10) 



Recall /Cn,^ of (j4.17p and, for 2 < p < oo define the closed, convex set ICfi 
/CP := {-u; : w; G L^{0,T;VP), ^ G L'^{0,T; L'^{n, fi)), w>0 A x /i-a.e. in(0,r) x?^}, (5.11) 

where A is the Lebesgue measure on [0, T]. Notice that JCfi C C([0, T]; L?'{T-L, ji)) (cf. [15], Section 
5.9.2). Denote by || • W^^a the norm of ^^^'^([O, T] xn,Xx fi). 

Theorem 5.2. Lei w G /C}^. T/ien i/iere exists in W^''^{[0,T] x 7^,A x ^u) a double-indexed 
sequence {wk^n)k,neN such that 

for k fixed, Wk^n S /Cm,^ for all m > n and 2 < p < oo. 

Moreover, taking the limits without interchanging the order 

lim lim Wkn = w (5.12) 

fc^oon-i-oo ' 

weakly in VF^'2([0,r] x'H,Xx p.) and strongly in L'^{Q,T;L'P{n, p)). 
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Proof. Since D{A*) is dense in T-L it is not hard to prove that the set 

£a{[0,T] X n) := span{^e{^k,h), ^m{^k,h). ^k,h{t,x) = e*'=*+^<'^'">«, {k,h) G N x D{A*)} 

(5.13) 

is densclll in both W^'^{[0,T] xn,X^ 1^) and L'^{0,T; LP{n, fi)) (cf. 0, Chapter 10 and [H], 
Chapter 9). Hence for w G /C^ there exists a sequence ((^(^))fcgN C £a{[0,T] X such that 

rT 



hm 



Hm 



(t>^''\t) - w{t) 



VP 



dt = 0, 



(5.14) 



(it = 0, 



Moreover there exists a subsequence (stiU denoted by {(l)^^^)k£n) such that the convergence holds 
A-a.e. t G [0,r]. 

Take /c G N arbitrary but fixed, then (j)^''^ is of the form 



[om cos(mt + {hm,x)u) + 6m. sin(mt + (/im,x)^)], 



m=0 



where iV^ G N, a,6 G M^'^ and {hm)meN C 7^. Recah the projection P„, set (pn\t,x) := 
(l)^^\t,Pnx) for n G N, let I • |fc be the Euclidean norm in R^*^ and define \\h\\l := Em=o ll^mllH- 
There exist constants C{k, |a|fc, \b\k) > and C{k, \a\k, \b\k, \\h\\k) > independent of n and such 
that 



sup \(l)^J:\t,x)\<C{k,\a\k,m 

{t,x)G[0,T]xn 

(k) 



sup 

{t,x}e[0,T]xH 



dt 



< C{k, \a\k, \b\k, 



Dominated convergence, continuity of (p^^^ and of its derivatives give 



lim 



0(f)(t)-</>(^)(t) 



VP 



dt + 



T 



dt 



dt] =0. 



(5.15) 
(5.16) 

(5.17) 



Define cp^^l := V ^l^^ = ^] + , A:,n G N. For k fixed ^^^^ G ICfn,,, for all m > n. Standard 
results about weighted Sobolev spaces on R" (cf. |34j . Chapter 2) guarantee that 



+ D 



on > 0}, 



(5.18) 



elsewhere. 
By using (j5.15p . ()5.17p and (jS.lSp one may show that there exists a constant Cfc > such that 



[0,T]xW 



dt 



{t,x] 



+ \\DcPi%x)\\l 



fi{dx) dt 



< 



{[0,T]xR"}n{</.,?'>0} 

U(J^\t)\\Ut + 





(fc) 2 



dt 



-it) 







+ m^^\t,x)f^ 

dt < Ck, 



lXn{dx)dt (5.19) 



^The proof relies on the fact that the set of contmuous functions is dense in L''{'H,jj.) and goes through a 
finite-dimensional reduction, a localization and the Stone- Weierstrass theorem. 
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where, as for the constants above, the dependence of on k is through (f>^^h The convergence 
(j5.17p and the fact that 



< - (^e^^l also imply 



lim 

n— ^oo 



dt = 0. 



(5.20) 



From weak relative compactness and (|5.19p . there exists / E VF^'^([0,T] x 'H,A x /^) and a 
subsequence i4'n^(^k) o)i&^ such that (/'^'""j^j q ^ / in VF^'^([0,T] x A x /i) as i — )■ oo. Therefore 
()5.20p implies / = [(^('^)]+. The notation (nj(/c))jgN emphasizes that such subsequence is obtained 
once k is fixed, hence there is one for each k. 

The infinite-dimensional analogue of (|5.18p (see [23], Chapter 4, Lemma 4.1) and (|5.14p give 



[o,T]xn 



5t 



'{</.('')>0} 



+ ||Z)[</>(^)]+(t,x)|||, 



fi{dx) dt 



it,x) 



< 



[0,T]x'H 

^ U('\t)\\l,dt + 



dt 



dt 



it) 



+ ||Z)<^W(i,x)|||, 



fi{dx) dt (5.21) 



where Cw > is a constant depending only on the choice of w. Again weak relative compactness 
and ()5.2ip imply that there exists g G 14^ ""^'^([O, T] x Ti , X x fi) and a subsequence (i;^^^J^)jgN such 
that [(/>('=j)]+ ^ g as j ^ oo in W^''^{[0,T] xn,Xx fi). From (|5T^ also [w]+, as 

j — 7- oo in L^(0, T; LP{T-l, fi)) and hence (7 = [w] 



Now consider the double indexed sequence 



i(l^nl)k,neN and set Wk,n := 
to A;, the following hold 



w. 

^n^|fc ) o)*'J£^' ^^label the indexes to obtain 



limi. 



fc— >oo 



limr; 



^ Q. Taking the limits, first with respect to n and then with respect 
->oo 'Wk,n = weakly in VF"^'^([0, T] x A x ^), 



limfc^oo lim„_^oo Wk,n = w, strongly in L^(0, T; LP{n,fi)). 

□ 

Now, consider the map t 1— >• || ['^^^^(^)]~^||/^-^ The next lemma provides an important 
regularity result and its proof is in Appendix [Dj 

Lemma 5.3. There exists positive constants Ci and C2 independent of k and such that 

sup \\[^^''Ht)]m, < Ci (5.22) 

0<t<T ^^'^> 

<C2|t-.|, t,sG[0,T]. (5.23) 

Notice that (|5.22p and (|5.23p hold with the same constants when we replace (j)^''^ by (j)n^. 
Lemma 15.31 and the Ascoli- Arzela's theorem give the following 

Corollary 5.4. Let Wk^n be as in Theorem \5.S\ Then taking the limits, first with respect to n 
and then with respect to k, along a suitable subsequence, the following holds 



lim lim sup 

fc— >-oo n->oo o<j<T 



\wk,n{t)\\l2iji,^) - lk(*)lli2{W,/.) 



0. (5.24) 
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Recall (|3.2p . set Uq, := ZYq, — and denote by (•, the scalar product in L'^{Ti,fi). 



Theorem 5.5. For every 2 < p < oo the function Ua is a solution of the weak variational 
problem on % 



' -u G L2(0,T;VP)); n(r, x) = 0, x G x) > 0, (t, x) G [0, T] x 



[- - u)^, + air^(M, w-u)- {fa,w - u)f,] dt + ^lk(r)||^2(^^^) 



> 



(5.25) 



for allw G /Cjl. 



Moreover, G C([0,r] x %). 



Proof. The continuity of Ua is a consequence of Theorem 13. 101 and Proposition lB.il For arbitrary 
w G KF^ take the corresponding approximating sequence (tffc,n)fc,nGN given by Theorem 15.21 and 
Corollary 15.41 For A; G N arbitrary but fixed, Theorems 14.31 and 15.21 and Remark 12.81 guarantee 



,dwk 



k,n 



dt 



dt 



+ ^\\wk,n{T)\\l2^n,^^) ^ 0' 



for m > n. In the limit as m — t- oo, Proposition 15. H equations (|5.8p and ()5.10p and arguments 
similar to those used in the proof of Theorem 14.31 give 



The proof now follows from Theorem 15.21 and Corollary 15.41 



□ 



5.2 The optimal stopping time 

In this section the existence of an optimal stopping time for Ua of ()3.2p is obtained by purely 
probabilistic considerations. Two preliminary lemmas provide the basic tools needed to prove 
Theorem 15.81 below. Given {t,x) G [0, T] x T-l, let T*n{t,x) be as in ()4.20p and let T*{t,x) be 



T*(t, x) := inf{s > t : ZY„(s, X^")*'^) = Q{s, X^")*'^)} A T. 
Lemma 5.6. There exists a subsequence (T*„,(t,x))jgp^ such that 



lim (r*(t,x) Ar* (t,x))(a;) = r^(t,x)(a;). 



^-a.e. u} £ Q. 



(5.26) 



(5.27) 



Proof. There is no loss of generality if we consider the diffusions X^"^^ and X^"^^'" starting at 
time zero as all results remain true for arbitrary initial time t. The proof of this Lemma is 
adapted from [3], Chapter 3, Section 3, Theorem 3.7 (cf. in particular p. 322). 

Using Proposition 13.51 fix J^q C with P(f^o) = 1 and a subsequence M := (f^j)jGN such 
that 



lim sup X}")"'"^(a;)-Xf)"(6.) 



n 



0, yuj G Oo 



(5.28) 



Since the starting point xq G is fixed, to simplify the notation in the rest of the proof, we shall 
write and t* instead of r*„(0,xo) and r*(0,xo), respectively. The limit (|5.27p is trivial if 
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uj' € is such that t*{uj') = 0. On the other hand, if uj' G J^o is such that t*{uj) > 5 for some 
6 = > 0, then by (l5^ 

Uo.it, Xi'^^^'^iu')) > e(t,x(")^'»(^')), t G [0,T*(u;') - 5]. 

Since the map t i— )■ X^'^^^^ (uj') is continuous and [0,t*[uj') — 5] is a compact set it fohows that 
the set x^(w') := {y £ Ti : y = t G [0,t*(w') - 5]} is a compact subset of n. 

Therefore the continuous map (t, x) i— t- Ua{t, x) — Q{t, x) (cf. Theorem 13. lOp attains its minimum 
on [0,T^{uj) -6]x /(w'), caU it p{d,uj') > 0. Then 



(5.29) 



Recall from Theorem 13.91 and (|3.1ip that and 0^"^ converge respectively to Ua and 0, 
uniformly on compact subsets of [0,T] x Ti. Therefore there exists Up = n{p{5,uj')) G M, Up > 
large enough such that 

Z^i"''^(t,x("'')) >^Y„(t,x) - \p{5,Lo'), {t,x) G [0,r^(a;') -5] x x'(a;'), (5.30) 



and 



0<t<T 

Now (ICTjl . (ICT]) and ([OT]) imply 



(5.32) 



ZYi"'')(t,P„^x(")"°(a;')) > e("'')(i,P„^xi")=^"(a;')) + ^p(5,a;'), t G [O,r*{oj') - 6]. (5.33) 



On the other hand Proposition O and the fact that = imply 



sup 

0<t<T 



and 



sup 

0<t<T 



Ui'''\t, Pn^Xr^'^J)) - U^^'^'it, Xr"«'"^(oj')) 



<Lu sup 

o<t<r 



{a)xQ . 



H 
(5.34) 



e("'')(t,P„ X^")"°(a;')) - e("'')(t,X^")"°'"''(w')) 



<Le sup 

0<t<T 



(u;')-Xr^°(u;') 



(5.35) 



which, together with ()5.32p and ()5.33p . imply 

Z^i"'')(t,xf")"°'"''(a;')) > e("'')(i,xf (^^0), i e [0,t:(^^') - 5]. 

It follows that T* ,j^(a;') > t*{uj') — 6. Notice that p{5,uj') — )■ as (5 — ^ and hence Up — >• oo. 
Therefore t* „^^{lo') A r*(w') — )■ t*(w') as Up — >• oo, which is equivalent to say (|5.27p holds along 
a subsequence. □ 

Lemma 5.7. For s G [0,T] let Yi and Y2 be two Fs-measurahle random variables taking values 
on %. Then 



|ZY(")(s,y/"))-^a(s,i"2)|<i0E| sup ||4")^'^i'"-x(")^'^^|L j-A, 

L s<u<T J 



-a.s. 



Optimal stopping of a Hilbert space valued diffusion 



22 



Proof. From Assumption 12.41 and equations ()3.2p and ()3.12p follows that 

|ZYi")(s,y/"V^a(5,y2)| < esssupE||e(")(r,X(")^'^i'") - e(r,X(")'*'^2)| jr\ 

S<T<T I J 



<L©E<! sup 

s<u<T 



□ 



Theorem 5.8. The optimal stopping time of ()3.2p is T*{t,x) as defined in ()5.26p . 



Proof. Given the initial data (t, x) we adopt the simplified notation notation used in the proof 
of Lemma [5^ that is we set r* := r*(t, x) and r* „ := r*„(t, x). By Remark 14.41 we have 



(5.36) 



In ()5.36p . take the subsequence (nj)jgN of Lemma 15.61 Then Theorem 13.91 guarantees the 
convergence oiu'^^\t,x'^^^^) to Ua{t,x) as j — )■ oo. On the other hand 



E 



<E<; sup 

t<s<T 

+ E<j sup 

t<s<T 



+ E 



(5.37) 



and below we will estimate the three terms on the right hand side of ()5.37p . 

Recall that = P^.X^"^^'^'"'^ and use Lemma [HTTl the Markov property and Jensen's 

inequality and to estimate the first term. In fact there exists a constant C > such that 



E 



I sup ZY^)(s,xi")*'^^"0-^^^(s,Pn,^i")*'^') I 
L t<s<T J 

<c(e| sup e| sup -xi")*'"!!' 



t<s<T L t<u<T 



u \\H 



(5.38) 



and that goes to zero as j — )• c« by Doob's inequality and Proposition 13. 5i 

For the second term on the right hand side of ()5.37p apply again Lemma 15.71 to obtain 



E<; sup 

t<s<T 



< LeE-j sup E< sup \\Xu 

t<s<T [ s<u<T 



and hence 



e| sup ^^^(s,p„^,xi-)*'-)-^/<,(s,x(")*'-) I 

L t<s<T J 



(5.39) 



< Le I E<; sup E<^ sup \\Xu 

t<s<T [ s<ii<T 
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(a)s P x'"'*'^-n- ( \ 

by using Jensen's inequality twice gives. Notice that '"^ = '"^ by 

(j3.5p . Usual arguments (see for example (|3.8p in the proof of Proposition I3.5P and the Markov 
property give 



E-^ sup \\Xu 

s<u<T 



du 



+ E{||(/-P„Ja(4° 



(5.40) 



+ E 



||(/-P„Ja(4")*'-)lll.d« 



for a suitable constant C > 0. Hence (|5.39p gives 



e| sup ZY^"^^(s,P„^,X(")*'-)-Z^„(s,X(-)*'-) j 

L t<s<T J 



<LeC5(E<; sup llP^.Xi")*'^ - 



(5.41) 



t<s<T 



+ 



e| sup e| rii(i-p„j^,4°)*'nii^d« 

L t<s<T I 



+ E<{ sup E 

t<s<T 



||(I-P„Ja(xW*'-)|||,dn 



The first term on the right hand side of ()5.4ip converges to zero as j — t- oo by dominated 
convergence and Dini's Theorem. The last term goes to zero by (|3.6p . To show that the 
remaining terms go to zero as well, define the non-negative, square integrable martingales 

rT 



Ml := E 
Ni := E 



and apply Jensen's inequality and Doob's inequality to obtain 

rT 



E{ sup \Ml\ } <2[E 

t<s<T 



E{ sup \Ni\ } <2{E 

t<s<T 



(5.42) 
(5.43) 



The desired results follow by dominated convergence. 

As for the last term in ()5.37p . it goes to zero as j — t- oo by dominated convergence. Lemma 
and the continuity of the Ua- 

In conclusion by taking the limits along the subsequence {nj)j^fq, in ()5.36p we obtain 



ZY„(t,x) = E {zY„(r^,4f '^)} = E {e(r,^4f ■^)} 
which proves the optimality of r*. 



(5.44) 
□ 
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5.3 Removal of the Yosida approximation 

The function in Theorem 15.51 solves the variational inequality associated to the Yosida ap- 
proximation Aa of the unbounded operator A. In this section we study the limiting behavior, 
as a —7- oo, of and of the corresponding variational inequality by adopting both probabili- 
stic and analytical tools. The family {ua)a>o is uniformly bounded in L^{0,T-W^'^{n,fi)) (cf. 
Proposition IB . 5p . By Theorem 13.21 it is not hard to prove the following result. 

Proposition 5.9. The sequence Ua converges to ii as a ^ oo, weakly in L'^{0,T;W^''^(T-L, fi)) 
and strongly in L^(0, T; L*'(H, /u)), 1 < p < oo. Moreover ii is identified as u =14 — Q. 

When a — )■ oo the term involving Aa in the bilinear form a^"^ ( • , • ) of (j5.25p converges to a 
suitable operator that needs to be fully characterized. Let w G L^(0,r; V^) be given and define 
the linear functional T^a\'^^-) ^ [-^^^(0, T; V^)]* by 

Tj^\w,u):=[ [ {APnX,Du)'HWfi{dx)dt, n G l2(0, T; V^). (5.45) 
Jo Jh 

It is easy to show that T^\w,-) is continuous by ()5.3p and that {Tj^\w, ■))neN is a Cauchy 
sequence in [L^(0, T; V^)]*. In fact for n > m arguments similar to those in the proof of Theorem 
2] give 



y / / {Aifj, Du)'HXjW iJ,{dx)dt 



j=m+l 



and hence 



T 



||r^)(u;,-)-T7^K-)ll[L2(o,T;V.)]* <Cp / \\\w{t)\\\ldt) UVjWnv^r (5.46) 

Since '^"=l\\A^pj\\■^^yJ^ converges as n — )• oo (cf. Assumption 12. (|5.46|) goes to zero as 

m, n — )• oo and {T^\w, ■))nen is Cauchy in [L^(0, T; V^)]*. Therefore, by completeness of 

[L2(0,r;VP)]* there exists fA{w,-) G [^^(0, T; )]* such that ri"^(w,-) ^ TAiw,-) as n ^ oo. 

Recah that the set £Ai[0,T] x V.) of (f5T3]l is dense in L^{0,T;VP). Then it suffices to char- 
acterize the explicit form of Ta{w, •) on that subset. Notice also that A*Du G L^(0, T; L'^{'H, fi)) 
for u G £^yl([0, T] X Ti) and consequently 

/ {APnX,Du)-}iW ix{dx)dt = j I {PnX, A* Du)-}iW ii{dx)dt. 
/o JH Jo Jh 

Now dominated convergence gives 

lim T'f'\w,u) = [ [ {x,A*Du)nwn{dx)dt, for n G <5a([0, T] x H). (5.47) 

So ()5.47p defines a linear functional Ta{w^ ■) whose domain D{Ta{w, •)) contains iSy4([0,T] x Ti) 
and is dense in L^(0, T; V^). Since the estimate (|5.3p is uniform with respect to ?i G N we obtain 

\Ta{w,u)\ < C^,7,p||ty||L2(o,T;Vp) \H\ {o,T;Vp) , for U G £Ai[0,T] X Ti). (5.48) 
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By Hahn-Banach theorem Ta{w, •) is extended to the whole space L2(0, T; VP) and the extended 
functional is denoted by Ta{w, •). From density argmnents and (|5.3p one may check that 

TAiw,-) := lim T^^^^w,-) = fA{w,-) in [L\0,T;VnV. (5.49) 

n— >cxD 

We are now able to identify the limit of the Yosida approximation. Define Tj^\w,-) E 
[L2(0,r;VP)]* by 

tI^\w,u) := [ [ {AaX,Du)nWfi{dx)dt, for n G l2(0, T; V^), (5.50) 
Jo Jn 

and, as in (|5.45|) . set 

rj''")(w;,n) := /" ! {A^PnX,Du)'HW ii{dx)dt. (5.51) 
Jo Ju 

The same arguments leading to (|5.46p give 

\\T[^^''\wr) -T["\w,-)\\[LHo,T-,Vpr <Cp \\A^j\\H^/>^ ( T IMtMldtV , (5.52) 

j=n+l J 

then the uniform convergence follows, 

lim sup \\T^/'"'\w, •) - T^a\w, ■)\\[l^o,T;Vp)]* = 0- (5-53) 

n-i^oo Q,>g 

Proposition 5.10. With Ta{w,-) given by (|5.49p . it holds that 

Jim \\T^f{w, •) - TAiw, •)||[L2(o,T;Vp)]* = 0. (5.54) 

Proof. Recall (|5.45p and (|5.5ip . Fix e > 0, then by (I5.49P and (|5.53p there exists E N such 
that 

\\Ta\w, •) - rA(t/;, •)II[L2(0,T;VJ')]* <l|7i"^(^i', •) - Tf''"'''(t^, •)II[L2(0,T;VP)]* 

+ ||ri"'"^)(u;,-) -ri"^^(u;,-)||[L^(o,T;v.r (5-55) 

+ \\T^^'\w, •) - fA('U;, •)II[L2{0,T;VP)]* 

<e + ||T^'"^)(^, •) - T^^^\w, •)ll[L^{o,T;V.r ■ 

Moreover, 

||ri"'"^)(z/;,.)-r^^(^/^,-)ll[L^(o,T;Vpr <c^p (^^limi)llljdt) ' f;il(A, - A)v',lk v^, 

(5.56) 

as in ([^TiU]) . By Assumption [Q] and the fact that ||^q,(/?j||^ < M||^(/9j||^, j G N for M > 0, 
the sum in the right-hand side of ()5.56p converges uniformly with respect to a > 0. It is well 
known (cf. |2S]) that 

lim Aa^pj = Aipj, j G N, (5.57) 

a— i>oo 

and hence (|5.55p together with (|5.56p gives 

lim \\T'f\w, •) - TAiw, •)ll[L2(o,T;VP)]* < (5-58) 
Since e is arbitrary the proof follows. □ 
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Recall that for every w G L'^{0,T;W^''^{7i, fi)) we defined the family {Ta,w)a>o in (|5.6p 
Hence if we set 



and 



Tyj{u):= a^{u,w)dt, u ^ L^{^,T;VP) 
Jo 

f a^,{u,w)dt : = ]- I ( {aa* Du,Dw)u f^i.{dx)dt + ]- I I Tr[Da\'^,{(T, Du)^ 
Jo Jn ^ Jo Jn 



(5.59) 



w fj.{dx)dt 



+ 



{Da ■ a — aa*Q ^x, Du)y_ w ^{dx)dt — Ta{w, u), 



JH 



by Proposition 15.101 we obtain 



lim 117^.^ - % 



a,w — 'to||[L2(o,T;VP)]* 



0. 



(5.60) 



(5.61) 



Remark 5.11. Notice that for our gain function G we have T^/\-,@) G [L^{0,T;VP)]* . Ar- 
guments similar to those used in the proof of Proposition \5.l0i give T^\-,@) — )• T^(-,0) in 
[L2(0,r;VP)]* as a ^oo. 



Define F G [L2(0, T; )]* by 



F{w) :-- 



T 



w) dt + TA{w,e), yw £ L^{0,T;VP). (5.62) 



Then, with as in ()5.9p . from dominated convergence, Assumption 12.41 ()5.4p . and Proposition 
[511)1 follows that 



lim 



r {fa,-)^dt-F{ 

Jo 



O. 



(5.63) 



[L2(0,T;VP)]* 

We now obtain the extension of Theorem 15.51 to the case of the unbounded operator A. 

Theorem 5.12. For every 2 < p < oo the function u of Proposition 15.91 is a solution of the 
weak variational problem 

f n G L2(0,r;VP); n(r, x) = O, x G 7^; u(t, x) > 0, (t, x) G [0, T] x 

[-{—,w-u)^ + a^{u, w - u)] dt - F{w -u) + -\\w{T)\\l,f^^^^^ > (5.64) 



Moreover, u G C([0,r] x %). 



for allw G ICfi. 



Proof. For arbitrary w G ICfi take the limit as a — )• oo in (|5.25p by exploiting Proposition 



ffOT]) . (fOH]) and the fact that 
rT 







% (""a -U,Ua- u)dt > -Ap / \\Ua - u\\Lv{'H,^)dt, 



T 



(5.65) 



which is the analogue of ()4.3ip . The variational inequality now follows by arguments even 
simpler than those adopted in the proof of Theorem 15.51 since here w is fixed. Continuity of the 
solution is a consequence of Theorem 13.31 □ 



Optimal stopping of a Hilbert space valued diffusion 



27 



The optimal stopping time of U is found by probabilistic arguments as in Section 15.21 For 
{t,x) G [0,T] X v., let T*{t,x) be defined as in ()5.26p and define T*{t,x) by 

T*{t, x) := inf{s > t : l({s, X*'^) = G{s, X*'^)} A T. (5.66) 

Lemma 5.13. There exists a subsequence {T*.{t,x))j£fq such that the following convergence 
holds 

lim{T*{t,x) AT*.{t,x)){uj) =T*{t,x){u}), ¥-a.e.ujen. (5.67) 
Proof. The proof is as in Lemma 15.61 and follows from Theorem 13.31 and Proposition 13.11 □ 
Theorem 5.14. The stopping time T*{t,x) in (|5.66|) is optimal for U{t, x) of. 

Proof. Simplify the notation by setting r* = r*(t,x). Substitute r* A r* to r* in ()5.36p and 
proceed as in the proof of Theorem 15.81 to obtain 

Ua {t, x)=E {Ua (r* A T*, ) } . (5.68) 

Consider the subsequence {Uaj)jm corresponding to the subsequence of stopping times in 
Lemma 15.131 and along that take the limit in ()5.68p . For the term on the right hand side 
we have 

E {U^^ (r* A , xi^lp - U{r\ ) } 

{ \U^^ {r* A , Xl^ip - U^^ (r^ A r^. , X%^,^ ) \ } 
{ \U^^ (r* A , X%^,^ )-U{t*A , X%^,^ ) | } 



< E 



(5.69) 



-E 



+ E 

For the first term we obtain 

E 



{ U^^ (r^ A T* , ) - U^^ (r* A r* , X*f^,, ) I } < LyE | sup 



} < -^yE< 


sup 






t<s<T 





n 



(5.70) 

by Proposition 12.71 Hence it converges to zero as j — >• oo by Proposition 13.11 For the second 
term in (|5.69p . we have 



E 



U^^ (r* A , X%\^,^ )-U{r^A r^, , X%^,^ 



<E<| snp{\Ua,{s,y)-U{s,y)\, {s,y) e [t,T] x ICIt{^)} 



sup \Ua^{s,Xl'^)-U{s,Xl^^)\ 

t<s<T 



(5.71) 

where lCfrp[uj) := {y : y = xt'^{uj), s € [^,7"]} is a compact subset of V. in which the process 
s I— 7- Xt'^{uj) ranges. Take the limit as j — t- oo and use dominated convergence to pass the limit 
inside the expectation. Hence ()5.7ip goes to zero as j — )■ oo since Uq,. — )• U uniformly on compact 
subsets of [0,T] x T-L (cf. Theorem 13. 3p . Finally the third term on the right hand side of (|5.69p 
converges to zero by dominated convergence and continuity of the value function (cf. Theorem 

ESI). 

On the other hand, the left hand side of (|5.68p converges pointwisely to V( by Theorem 13. 3[ 
Then taking the limit in (|5.68p along the subsequence of Lemma 15.131 gives 



U{t, x) = E [Uir*, X*f )} = E {G(r^ )} 



hence r* is optimal. 



(5.72) 
□ 
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Appendices 

A Proof of Lemma 13.7 



By using the triangular inequality, Holder inequality and the fact that r is a stopping time, it 
is not hard to prove that 



^{s>t}\\^s - -^t \\n <'3-'{s>r} 



(T-t) j I{r<u} 









+ 



+ elY,\Wl-Wl\ 



i=l 



Take the supremum over all s G [t, T] and exploit the isometry of the stochastic integral; by the 
sublinear growth of a and the bound on A^, there exists a suitable constant ja,n,T > such 
that 



E 



l^sup^ ||X(°)*'-^" - XW*'-^"|||,/|,>,}| <7«,„,tIE |^^/{.<„}(1 + ||4"^*'^^"|ll^)^^} • (A-1) 



Using Holder inequality twice in the right-hand side gives 



E 



I{r<u}{l + \\X(r^''''n\n)du < E / I{r<a}du) (1 + \\Xt^'^^-^^ du 



i , rT 



< 



2E|(j^ /|,<„}dn)| E|(jJ' (l + ||X(")*'-^'^|||,)du) 



and hence from ()A-ip it follows 



E^ sup \\xi^^''^'^ - xi^^''-'^y^,^,A 114")*'-'" 



\t<s<T 



t<u<T 



|4 I 



(A-2) 



Now dM]) is a consequence of ([^ and ([X^ . 



B Finite dimensional variational inequality in bounded domains 

Denote by C^(M") the set of all C^-functions on with compact support. Recall the finite 
dimensional SDE p.Sp . Let n G N and a > be arbitrary but fixed. Let O/j be the open ball 
in M^, centered in the origin and with radius R. Define TR{t,x) to be the first exit time from 
Or, i.e. 

Tnit, x) := mf{s > t : X^")*'^'" ^ Or} A T. (B-1) 

We are slightly abusing the notation by considering T-L^"''^ ~ and X^"^)*'^'" S M". For simplicity 
we set tr := TR{t, x) and we introduce the optimal stopping problem arrested at tr, 

U^:i{t,x^''^) ■■= sup ¥.{e^-\r^rR,X^rZ^)]■ (B-2) 

t<T<T ^ J 

Proposition B.l. For € [0,T] x M" fixed, converges to ut\t,x^''^) as 

R — )• oo. Moreover, the convergence is uniform on every compact subset [0, T] x /C C [0,T] x M" 
andut^ G C'([0,r] x M"). 
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Proof. Fix G [0,T] x M" and take R > such that a;(") G O^j; recah our notation 

tr ■= TR{ti x). Now for ah i? > ^ we have 



t<a<T t<T<T I J 

sup E {(eW(a,x(")*'-^'^) - e(")(a A rn,xit'D) iw>r.}l 



t<a<T 

where I^^^^^j is the indicator function of the set G $7 : (j{uj) > r/j((xi)}. Hence by adding 

and subtracting ©("^(r/j, X^"^*'^'") inside the expectation and by using the Lipschitz properties 
of e(") (cf. ([23]), I^Ml), we obtain 

\ui:l{t,x(-^)-Ui-\t,x^-^)\<L'QCE\(l+ sup ||xi")*'-^ni?,)[r-r«]+l 

[ ^ t<s<T ' J 

+ LeIE| sup ||Xi")*'-^"-Xg)*'-^"||K/{.>.,}|, 

[t<s<T J 

with p > 1 as in Assumption 12.41 Therefore, for some positive constant Ca^n,T > 0, we have 

< c„,„,t(i + ||x||« + ||x||^)(E{([r- Tfi]+)'} Ve{ 

by Lemma 13.71 and the a priori estimates (j2.8|) and (j2.9|) . Pointwise convergence now follows 
from dominated convergence and \T — tr\^ — )• as — )• do; in fact the right hand side decreases 
to zero. 
Set 

MR{t,x) := (1 + \\xU + ||x||^)(e {([T - TR]+f]^ +E{[T - tr] + ]-^ ) 

and recall that, since the coefficients in ()3.ip and (jS.Sp are time-homogeneous, the map (t, x) i— )■ 
TR{t,x) is P-a.s. continuous (cf. 0, Lemma 3.2, p. 332). Hence Mr is continuous in t,x for 
all R> 0. Now |13j . Theorem 7.2.2 gives uniform convergence of MR{t,x) on compact subsets. 
Therefore 

lim sup =0 

(t,a:("))e[0,T]xC 

(n) (n) 

for every compact subset /C C M". Since all r, are continuous, then is continuous on 
every compact subset [0, T] x /C and this is enough for global continuity in M". □ 

The infinitesimal generator of the diffusion X^"^^'" is 

i=l * «J=1 *=i i=i 

for € C2(M"). Notice that 

[a("VW*],,/x)=(^W(x),(^,)w(c7W(x),(^,)^, (B-4) 

since VF*^ is a one dimensional Brownian motion. Moreover Ca,n is a non-degenerate, uniformly 
elliptic operator. The bilinear form associated to the operator Ca,n is 



dx 
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for u,w £ Hq{Oii). Denote by ( • , • ) the scalar product in Lp'iOpi). From Assumption 12.21 and 
uniform ellipticity of £q,^„, it is not hard to see that there exist constants Ca,n,R, Ca,n,R, ji> 
such that 



(B-5) 



(B-6) 



'a,n,R\\"-\\H^{OR)- 

These properties guarantee well-posedness of the variational problem in the following proposi- 
tion. 

Define by /Cn,i? the n-dimensional closed convex set 

}Cn,R := [w G L\0,T;H^{Or)) : ^ G L\0,T- L^{Or)), and u; > Oa.e. in(0,r) x 0^,}. 

(B-7) 



Set 
and 



(B-8) 



f ■ - — L r 

J a,n ■ — n. I '~-a.n^ 



dt 



dt 



+ -,eiTr 



2)20(n)l ^ [a(")cj(")*L)20(n)j ^ {A^^^x, DQ^''^)n- (B-9) 



Usually the value function of an optimal stopping problem may be characterized as the solution 
of an obstacle problem in which the obstacle is the gain function. At this point we do not know 
the regularity of the function but, since G*-"") is smooth and Ca,n is uniformly elliptic, we 

expect ZYq'jj to solve the corresponding obstacle problem in the almost everywhere sense (cf. 

[T7]). In other words the function := ^^"jj — ©^"^ should solve the obstacle problem with 
null obstacle. The regularity of the obstacle, ()B-5p and ()B-6p are sufficient to apply [3], Chapter 
3, Theorems 2.2, 2.13, Corollaries 2.2, 2.3, 2.4 to obtain 

Proposition B.2. There exists a unique solution u of the variational problem: 
' u£lCn,R; ^x(r,x(")) = 0, G Or; 
/du 



-uj + a^^''^\u,w -u) - {fa,n,w - u) > a.e. t G [0, T] 

for allw G K-n r- 



(B-10) 



Moreover, u G Ifi^, T; <'^(Or)) n LP(0, T; W^'P{Or)), G 1^(0, T; LP{Or)) for all 1 < p < 
oo and u€ C{[0,T] x Or). 

(n) 

Corollary B.3. The function u coincides with the function ^ and uniquely solves the obstacle 
problem 



max 



du 
'dt 



-U 



=0, G (0,r) X Or, 



^(t,^^")) > on [0,T] X Or- u(T,x(")) = 0, x(") G Or; 
^ u(t,j;(")) = 0, G [0,r] X BOr; 



(B-11) 
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in the almost everywhere sense. Moreover the optimal stopping time for l^^j^ of ()B-2p is 

<„,R := mf{s > t : ZY^J^C., = e(")(., ^i")*'-^")} A A T (B-12) 

and for any r < r* 

^(S(t,rr) =E{^i;i(r,4")*'-^")}. (B-13) 

The proof follows from Proposition IB.2I and is outlined in appendix [C] for completeness. 

Now, in the spirit of [3], [27], [30], we obtain a variational problem for u^^^j^ weaker than 
(|FTO]) and (|B^ . 

(n) 

Theorem B.4. The function ^ is the unique solution of the weak variational problem: 
' u G L2(0,r;//i(OR)); ^x(r,xH) = 0, G Or- 
n(t,x(")) >0, G [0,r] X Or; 



(B-14) 



dt 



for allw G JCn r- 



Proof. Since u^^^^^^ is the solution of the stronger variational problems (|B-10p and (jB-lip it is 
not hard to show that it also solves ()B-14p (cf. [3], p. 237). It remains to prove uniqueness. 



Ct in) 



For that we need coerciveness condition ()B-6p . For simplicity set Q := Ca,n,R-, U(; ■= e 

:= e^^ fa,n- Notice that u^^^^ is the unique solution of ()B-10p if and only if uc_ is the unique 
solution of the same problem with fa^n replaced by f^ and a^^'^\u,w) replaced by a^(n, := 
a^^'^\u,w) + That also implies that solves problem (|B-14p when a^^'"'\u,vj) is 

replaced by (n, w) and fa,n is replaced by Then to prove uniqueness in problem ()B-14p is 
equivalent to show that is the unique solution of 

( u€L\0,T;H^{Or)); n(r, x^) = 0, G O/j; 
>0, (t,x(")) G [0,T]xOr; 



[-{-pr7.w-u)+ac^{u,w-u) - {fc_,w - u)\dt + -\\w{T)\\\2^0r) ^ 



(B-15) 



for all w G /C„ r. 



Let V be another solution of ()B-15p and take w = to obtain 

dt > 0, (B-16) 
since U(^{T) = a.e. on Or. On the other hand, simple calculations allow us to write ()B-10p as 

dt>0 (B-17) 
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for all w G L'^{0, T; H^{Or)) with u; > 0. In ([BTf]) take w = v and add it to (|B^ to conclude 

rT 

a(^{v — U(^,v — U(^)dt < 0. 
Now coerciveness (cf. dES])) and the definit ion of • , • ) provide uniqueness. □ 



(n) 

Now for each i? > 0, we consider the zero extension outside Or of ^ but we still denote 
it by ^i|^]:J for simplicity. 

Proposition B.5. The family {"^^a^R) r-^q is uniformly bounded in L'^(0,T;W^''^(W^, fin)) and 
its bound is also independent of a and n. 

Proof. By arguments similar to those in the proof of Proposition 12.71 we have that (^a"/j)^>o 
is a family uniformly bounded by and it is uniformly Lipschitz with respect to the space 
variable, with Lipschitz constant Lu. It follows that the family {y'^a^R) r-^q is also uniformly 
bounded with bound 20 and equi-Lipschitz with constant Lq + L^. From the latter we obtain 

ll^^i"ij(*)llL2(iR",^„;R") <Le + Lu and so 

[ ll<iWfvKi.2(r,^„)^* < CuT, (B-18) 

with Cu = 40^ + {Le + Lu)^. □ 
From Propositions IB. II and IB. 51 we simply obtain the next corollary. 

Corollary B.6. There exists a subsequence (ii^]j_)jgN such that i?j —t- oo as z oo and the 
function u^^^j^_ converges to as i ^ oo, weakly in L^(0, T; VF^'^(]R", and strongly in 
L'^{0,T;LP{W\fin)), 1 < p < oo. Moreover ni"^ is identified as ui"^ =ui"'^ - 0("). 



C Proof of Proposition IB. 3 



By the regularity of u in Proposition IB. 21 expression (|B-10p is equivalent to 

^ + C^,nu + f,w-u)<0 a.e.tG[0,r]. (C-1) 



dt 

Let C e C^{Or), C > and choose vu = u + ( to obtain 

/du 
\~dt 

This clearly implies 



du \ 

— + Ca,nu + /, Cj < 0, a.e. t£[0,T]. 



-^ + Cu + f<Q, a.e. G [0,r] X Oij. (C-2) 



On the other hand, by choosing w = 0, ()C-ip reads 

'du 



g^+Ca,nU + f,-u)<0, a.e.tG[0,r], (C-3) 



and since n > it implies 



(^11 

— + Ca,nu + / > 0, a.e. on [0, T] x Or. (C-4) 
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Now, (1231) and guarantee 

0, a.e. G [0, T] x Or. 
The regularity of OOr and [1], Theorem 3.22 enable us to find a sequence {uj)j^^, such that 



max 



— + La,nU + J , -U 

ot 



Uj G a°°(M"+i) and 



\uj - w||vyi2,p((o,T)xC>H) ~^ as j oo. 



(C-5) 



In fact it suffices to take a partition of the domain and use the standard mollification on each 
element of the partition. Then (|C-5p follows from the usual properties of the mollifiers and the 
fact that the operators dt, D and are closed in L^. Moreover, the continuity of u and that 
of a suitable extension to M""'"^ imply that the convergence is also uniform on any compact set 
O' such that [0,T] xOr C O'; that is 

\\uj — u\\loo ^ 0^ asj— s-oo, onO'. (C-6) 

Now we fix an arbitrary t G [0, T] and a stopping time r G [t, T]. An application of Dynkin's 
formula from t to t A tr gives 



E 



{n,(rAr«,4A^^;f^")}=n,(t,xW) 



+ E 



ds 



+ £„,„n,- (C-7) 



On the other hand by [3], Chapter 2, Lemma 8.1 there exists a constant Ct,r > such that 



L2((0,T)xC)fl) 

(C-8) 



hence by taking the limit as j — )• oo and by using (IC-SP and (1C-6P we obtain 
E {u(t a tr, Xitn'l} =Ht, + E 



( ^ + /:a,„n j (s, for all r G [t, T]. 

(C-9) 



Recall that (IB-lip holds almost everywhere in (0, T)xOr and, being the diffusion uniformly non 
degenerate, the law of X^"^^'^'^ is absolutely continuous with respect to the Lebesgue measure 
on (0,r) X Or. Then 



> /(s,Xi°)*'^'")(is| for allr G [t,T]; 

in particular, with r* defined by 

T* := inf{s > t : u{s, X^")*'^;") = 0} A tr A T, 

(IB^ implies 



(C-10) 
(C-11) 

(C-12) 



Therefore, by using (|B-9p and by recalling (|B-2p we have 



sup E 

t<T<T 



ds 



sup E{eW(TArR,4^)ff")|-e(")(t,x) = U;^l{t,x)-Q(^\t,x). (C-13) 

t<T<T ^ ^ 
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(n) 

It now follows that u = and r* = t*^j^. 



Notice that for any stopping time r < t*^j^, combining (|C-13P and (|C-9P gives 

(n) 

i.e. the dynamic programming principle for ^ holds. 



(C-14) 



D Proof of Lemma 15.31 

Recall the definition 



{t,x) := ^ ^anCos{mt + {hm,x)n) + bmsin{mt + {hm,x)'H) (D-1) 



m=0 



and notice that 



{t,x) = \ - marnsin{mt + {hrn,x)n) + mbrncosimt + {hm,x)n) ■ (D-2) 



m=0 



The characteristic function of the centered Gaussian measure (see for example [9]) is 



(D-3) 



H 



Hence, direct computation gives 



27r 



(D-4) 



n=0 



by using the exponential representation of trigonometric functions, simple trigonometric results 
and ()D-3p . Since (p^^^ w in W^''^{[0,T] x 7i,X x ^) as — >• oo, then there exists a constant 
> 0, only depending on w, such that 110^*^^11^1,2 < Cw for all k. This and (|D-4p imply 



J2{l + n')ial + bl)< 



n=0 



Consider the continuous map 



where 



(D-5) 



n=0 



+ g-h(Qihn-h,^),{hn-h,^))n gin[{n - m)t) 



(D-6) 



by (|D^ and (jP^ . Now, from and (fP^ we obtain 

oo oo 
sup < E(«' + ^n) + 2( E «n) ' ( E ' < ^2,. 



0<t<T 



oo 1 oo 



(D-7) 



n=0 



n=0 



n=0 
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for all A; € N and a suitable constant C2^w > only depending on w and T. 

From ()D-2p and (|D-3|) . and by arguments similar to those used to obtain (|D-6|) . we derive 



sup 

0<t<T 



(t) 



dt 



<2f2n\al + bl) 



n=0 

oo 



n=0 



n=0 



for all /c G N and a suitable C^^w > depending only on w and T. 
Therefore, it is not hard to see that 



\\[<t>^'\t)] 
by ()D-7p . Also, since 

\[cp(''\t,x)]+f-\[cp(''\s,x)]+f 



' < \\<P^^Ht)\\l2^n u) < C2,«; for ah t e [0,T], 



< 



we have that 



[cp(^\t,x)]+ + [cp(^\s,x)]+ #)(t,x)-</>W(5,x) , 



<2y^||0«(t)-#)(s) 



(D- 



(D-9) 



for all t,s G [0,r], by (ID^ . 
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